M-theory suggests the study of 11-dimensional space-times compactified on 7-manifolds. From its intimate relation to superstrings, one possible class of such 7-manifolds are those that arise from rolling Calabi-Yau threefolds in the web of CalabiYau moduli spaces. The resulting 7-space in general has singularities governed by the extremal transitions undergone. In this article, we employ topological methods and Smale's classification theorem of smooth simply-connected spin closed 5-manifolds to understand possible extremal transitions of Calabi-Yau threefolds through one with isolated singularities. For those that involve Kähler deformations that pinch some embedded del Pezzo surfaces, the adjunction formula implies that the corresponding isolated singularity in the resulting 7-space is indifferent of the global structure of the Calabi-Yau threefolds and hence can be studied locally in its own right. In this paper, we create many such local examples. Their global realization and the relation of the 6-dimensional link of the associated isolated singularity in the resulting 7-space to the phenomenon of enhanced gauge symmetry will require further study. As a mathematical byproduct in the pursuit of the subject, we obtain a formula to compute the topology of the boundary of the tubular neighborhood of a Gorenstein rational singular del Pezzo surface embedded in a smooth Calabi-Yau threefold as a divisor.
Introduction and outline.
Introduction.
M-theory anticipates the space-time to be 11-dimensional compactified on a 7-dimensional space. If one requires this 7-space to be closed and satisfy the first order constraint from the string β-function, i.e. Ricci flatness, then recently Joyce has constructed a class of closed 7-manifolds that admit torsion-free G 2 structures and, hence, Ricci flat metrics ([Jo1] , [Jo2] , [D-T] ). On the other hand, from the spirit of the work by , [H-W2] ), more likely this 7-space is compact yet with boundary that are CalabiYau complex threefolds. While this 7-space itself serves geometrically as an interpolating space of different Calabi-Yau threefolds, the M-theory built thereon serves physically as an interpolating theory for the string theories on the boundary Calabi-Yau threefolds. If one is willing to accept this point of view, then certainly a key question is that; What could this 7-space be?
First notice that the oriented cobordism ring is trivial in dimension 6 ([M-S]), which means that any two oriented closed 6-manifolds, in particular Calabi-Yau threefolds, bound an oriented 7-manifold. From this point view and following Joyce's spirit, a possible kind of 7-space that could be relevant are Ricci-flat compact 7-manifolds with Calabi-Yau boundaries.
On the other hand, in view of the phenomenon of enhanced gauge symmetry for strings moving in a singular Calabi-Yau threefolds, one may allow this 7-space to have some reasonable kind of singularities, i.e. non-manifold points. Taking all these into account and balancing them, one leads to a very special class of 7-spaces that are closely related to Calabi-Yau threefolds: 7-space from rolling Calabi-Yau threefolds in the web of CalabiYau moduli spaces. Among many details one may like to understand for such 7-spaces, we focus in this paper on one single issue: its possible isolated singularities, which arise when the degenarate Calabi-Yau threefold that appears in the extremal transition (i.e. rolling through a shared boundary point of one Calabi-Yau moduli space and entering another) has an isolated singularity.
After providing some mathematical background in Sec. 1 for physicists, we discuss in Sec. 2 the resulting singularity in the 7-space from rollong when passing through a conifold. We then move on in Sec. 3 and 4 to consider the more complicated extremal transitions that involve pinching a del Pezzo surface embedded in a Calabi-Yau threefold to a point. After showing that the boundary 5-manifold of a tubular neighborhood of a certain class of del Pezzo surfaces embedded in a smooth Calabi-Yau threefold is simply-connected and working out its second integral homology, using Smale's classification theorem of smooth simply-connected spin closed 5-manifolds, we can lay down many topologically locally admissible extremal transitions, each of which contributes to a possible isolated singularity in the 7-space from rolling. Exactly which of them will appear globally and, when it does, what is the relation of the 6-dimensional link of the singularity in the 7-space to the phenomenon of enhanced gauge symmetry will require further study in the future.
Essential mathematical backgrounds.
In Sec. 1.1 we collect some mathematical background involved in this article for the convenience of physicists. In Sec. 1.2 the essence of Calabi-Yau threefolds needed for the work is provided. Some expository articles or textbooks are also referred.
Caution. The term link has two different meanings in this paper: (1) a collection of S n embedded disjointly in S 2n+1 ; or (2) the base for a cone-type neighborhood of a cone point in a topological space, e.g. the link of any point in a closed n-manifold is an (n − 1)-sphere. Both are standard and should be distinguishable from the context.
1.1 Geometric operations, Smale's work on 5-manifold, and singularity.
• General fundamentals. Readers are referred to [B-T] , [G-P] , [Hirs] , [Mu] , [Sp] , and [Sw] for algebraic and differential topology; and to [B-P-VV], [G-H] , [Sh1] , and [Sh2] for complex algebraic geometry.
• Handle decompositions of manifolds. ([G-S] , [Ki] , [Po] , and [Sm1] ; also [Mi] for the related Morse theory.) Let D r be the r-dimensional ball. Then a handle decomposition of a compact n-manifold M n is a sequence
where M i is obtained from M i−1 by adding a k i -handle, i.e.
where the attaching map f i : ∂D k i × D n−k i → ∂M i−1 is an embedding. In terms of Morse theory, this corresponds to a non-degenerate critical point with index k i of a Morse function on M n . Its effect to the (n − 1)-manifold ∂M i−1 is that an embedded (k i − 1)-sphere -i.e. f i (∂D k i ) -gets shrunk to a point and then gets expanded in transverse directions to an embedded (n − k i − 1)-sphere -i.e. ∂D n−k i -in ∂M i . (Figure 1-1 ).
M i
Figure 1-1. In this illustration, a 1-handle (darkly shaded) is attached to M i on its boundary ∂M i (lightly shaded).
• Fiber sum and plumbing.
, be fibrations over n-manifolds with the same generic fibers F and let p i ∈ M i such that the fibers π
i (p i )) of these fibers and a fiber-preserving homeomorphism ρ between the boundary of E i −ν E i (π −1 i (p i )). One can then glue the latter spaces together by ρ and construct a new space E 1 ♯ f E 2 , which now admits a fibration over the connected sum M n 1 ♯M n 2 with the same generic fiber F . This space E 1 ♯ f E 2 is called a fiber sum of π 1 : E 1 → M n 1 and π 2 : E 2 → M n 2 . (Figure 1-2(a) .) Let π : E → M n be a D n -bundle over an n-manifold that may have several components. Let (D 11 , D 12 ), · · · , (D k1 , D k2 ) be a disjoint collection of pairs of disjoint n-disks whose closure lie in the interior of M n . Since E restricted to these n-disks are the trivial bundle D js × D n , one can identify π −1 (D j1 ) with π −1 (D j2 ) for each j using a map that preserves the product structures but interchanges the factors. The resulting new manifold-withboundary W 2n is called a plumbing of π : E → M n (Figure 1-2(b) ). For example, when an n-manifold M is immersed in a 2n-manifold N with only transverse crossings, its tubular neighborhood ν N (M ) is then a plumbing of the D n -bundle associated to the normal bundle over M from the immersion.
Associated to W 2n is a diagram Γ, the plumbing diagram, whose vertices v i correspond to the connected components M i of M n and edges e j correspond to the occurrences of plumbing associated to the pairs (D j1 , D j2 ). There is a natural continuous pinching map φ from W 2n onto Γ defined as follows:
to the mid-point of e j , and then extending the φ so far defined to the whole M n by the projection ∂D js × [0, ǫ] → [0, ǫ] with [0, ǫ] identified with the half-edge of e j at the vertex that corresponds to the component of M n that contains D js . By pre-composition with the bundle projection π, one then obtains a map, still denoted by φ, from W 2n onto Γ. (Figure 1-2 
In (a), a fiber sum of the fibrations E i → M i is shown. In (b), a plumbing of the two disk-bundles are shown. The associated plumbing diagram Γ and the natural map φ are also indicated.
• Smale's work on 5-manifolds. 
(M 5 ; Z) be a direct sum decomposition of H 2 (M 5 ; Z) into a free and torsion part. Then the torsion part is the direct sum of two identical groups. In notation,
(2) The correspondence
is bijective between the set of diffeomorphism classes of smooth simply-connected spin 5-manifolds and the set of isomorphism classes of finitely generated abelian groups.
(3) Let H 6 be the 6-dimensional handlebody obtained by one 0-handle attached with k 3-handles. By handle sliding, one may assume that all the attaching S 2 are in the boundary S 5 of the 0-handle. Let Q be the associated anti-symmetric linking matrix of these S 2 's in S 5 . Recall that Q can be transformed uniquely into the following block diagonal form ( [Bou] )
under the transformation Q → SQS t for some S in GL (k, Z), where α i are positive integers that satisfy
where M 5 α is the boundary of the 6-dimensional 3-handlebody obtained by one 0-handle attached with two 3-handles whose attaching 2-spheres form a link with linking matrix
. The 5-manifold ∂H 6 is simply-connected and spin; and conversely every closed simply-connected spin 5-manifold arises this way.
• Rational surface singularities. [Mi2] , [Sl1] , and [Sl2] .) These are exactly the quotient singularities (C 
, by which the monodromy homeomorphism τ is defined. It is noteworthy that, up to homotopy, the restriction of τ to the boundary ∂F is the identity map for these singularities. Readers are referred particularly to [Di] for more details.
Essence of Calabi-Yau threefolds.
• Calabi-Yau threefolds. [Gr] , [Hü] , [Ti] , [Vo] , [Wil1] , and [Wil2] ) A Calabi-Yau threefold X is a compact Kähler threefold with c 1 = 0 (or equivalently trivial canonical line bundle K X ). They have moduli that form a space which itself is Kähler. Two different points in the Calabi-Yau moduli space M X associated to the smooth manifold X can be connected by deformations of the complex and Kähler structures on X. The boundary points of M X correspond to singular Calabi-Yau threefolds X that can be obtained from X by such deformations. Readers are referred particularly to [Gr] and [Hü] for more details.
• Extremal transitions. [Hü] , [M-V1] , [M-V2] , and [Wil2] .) Two Calabi-Yau moduli spaces M X and M X ′ can be connected with each other if they happen to share some common boundary points, which means that X and X ′ have a same degeneration X. Indeed it has been conjectured that all the CalabiYau moduli spaces associated to different smooth topologies are related this way and form a connected web M CY of Calabi-Yau moduli spaces. Thus one may roll a smooth CalabiYau threefold X, degenerating it to a singular X and then rolling on to another smooth X ′ with possibly different topology -all happening in M CY . From mirror symmetry, the corresponding conformal field theory on these Calabi-Yau spaces that occur in the rolling may still be well-defined and smoothly deformed accordingly. Such transmutation is called an extremal transition of Calabi-Yau threefolds.
There are six generic types of degenerations of Calabi-Yau threefolds whose combinations lead to various extremal transitions discussed in the literature. To explain them, let (X, Z) → (X, Z) be a degeneration of a smooth X to X by collapsing a subspace Z of X to Z. In all these six cases, Z is a fibration over Z and the collapsing comes from pinching all the fibers:
• From the deformation of the complex structures on X: (C 0 ) Z is an embedded 3-sphere S 3 in X and Z is a point in X.
• From the deformation of the Kähler structures on X to one that sits in the codimensionone wall of the Kähler cone ( [Wil2] ):
(C 1 ) (Type I primitive contraction or small contraction): Z is a finite disjoint union of a collection of embedded CP 1 s in X and Z is a finite set of points in X.
(C 2 ) (Type II primitive contraction): Z is a generalized del Pezzo surface in X and Z is a point in X.
(C 3 ) (Type III primitive contraction): Z is a conic bundle in X over a complex curve C and Z is the curve C embedded in X.
(C 4 ) X admits a K3 or T 4 fibration over a complex curve C; Z = X and Z = C.
(C 5 ) X admits an elliptic fibration over a complex surface S; Z = X and Z = S.
• 7-spaces from rolling Calabi-Yau threefolds. Continuing the above discussion, let
] be a rolling of Calabi-Yau threefolds that degenerate X = X −ǫ to X by shrinking the fibers of a fibration π : Z → Z of a subspace Z in X over a subspace Z in X. Naturally associated to this shrinking is a cone bundle Λ Z over Z, whose fiber over z ∈ Z is the cone over the restriction of a tubular neighborhood ν X (Z) of Z ⊂ X on π −1 (z). The resulting 7-space Y 7 − is homeomorphic to X × [−ǫ, 0] with Λ Z attached canonically to X × {0} along the common subspace ν X (Z) of both X and Λ Z ; in notation, (Figure 1-3) . When an extremal transition is obtained by a rolling (X, Z) → (X, Z) ← (X ′ , Z ′ ), parametrized by t ∈ [−ǫ, ǫ], where both the degenerations (X, Z), (X ′ , Z ′ ) → (X, Z) are of the six types, then the resulting 7-space,
, can be sewed along the shared X and form a 7-space Y 7 . This is our 7-space from rolling. From the discussion, it is clear that Lemma 1.2.1 [topological matching condition]. A necessary condition for an extremal transition (X, Z) → (X ′ , Z ′ ) to be possible is that the two 5-manifolds ∂ν X (Z) and
When Z is a point p 0 , in general it induces then an isolated singularity, still denoted by p 0 , in the 7-space Y 7 , whose link is a 6-manifold ν X (Z) ∪ ∂ ν X ′ (Z ′ ), obtained by pasting ν X (Z) and ν X ′ (Z ′ ) along their homeomorphic boundary.
Lessons from conifold transitions.
A special case of examples of extremal transitions of Calabi-Yau threefolds that has been discussed quite extensively in physics literature is the conifold transition (cf. − that arises from degenerating CalabiYau threefolds is topologically realizable as
(In general, the fibration π : Z → Z may have singular fibers.) [Gr] , [G-M-S], [Hü] , and [Str] ). Hence let us start with this example and try to extract some lessons from it.
Conifold transition I.
A complex 3-dimensional conifold is a threefold except at some ordinary double points (nodes). Each of these nodes is modelled on the germ of the quadric hypersurface xy−uv = 0 in C 3 at the origin. This is an A 1 -singularity and can be realized as a real cone over S 2 × S 3 . Such degeneration arises from either process (C 0 ) or (C 1 ). Let Z = {p 0 } and Y be the 7-space associated to the transition (C 0 C −1 1 ) that deforms first the complex structure of X to shrink down an S 3 to get a conifold X and then resolves the singularity by a small resolution that blows up an S 2 transverse to the blown-down S 3 to obtain a new non-singular X ′ . Then p 0 is at worst a cone-point in Y with the link coming from the pasting of ν X (S 3 ) in X and ν X ′ (S 2 ) in X ′ along their boundary. From [At] , the local topology around the node p 0 in X indicates that the former is homeomorphic to S 3 × D 3 , the latter homeomorphic to S 2 × D 4 , and the pasting homeomorphism h from ∂ν X (S 3 ) to ∂ν X ′ (S 2 ) is given by h :
This shows that indeed the link of p 0 is a 6-sphere S 6 since
Furthermore, comparing with the setting of handle-decomposition/Morse-theory of manifolds, one notices that the blown-down S 3 may be regarded as the attaching/descending sphere while the blown-up S 2 as the belt/ascending sphere of a 4-handle [Ki] ). In other words, Y is simply X × [−ǫ, 0] attached with a 4-handle to the boundary X × {0}.
Similarly the reverse process (
for Calabi-Yau threefolds does not lead to non-manifold points on the resulting 7-space Y .
Remark 2.1.2. As we shall see that this is likely the only case of extremal transitions that does lead to 7-manifolds without any singularities. In view of the rich variations of the topologies of Calab-Yau threefolds, this already provides us with a rich class of 7-manifolds that could play roles in M-theory.
Conifold transition II: flops.
On the other hand, the neighborhood of a node on a complex 3-conifold can also be realized as a complex cone over CP 1 × CP 1 . One may deform the Kähler structure of X in such a way that first blows down a CP 1 to get a conifold X and then blows up another CP 1 transverse to the previous CP 1 . Such procedure is called a flop and corresponds to a nontrivial process (C 1 C −1 1 ). Let Z = {p 0 } and Y the resulting 7-space. Then again p 0 is at worst a cone-point in Y . Its link Lk (p 0 ) in Y now comes from the pasting of ν X (S 2 ) and ν X ′ (S 2 ) along their boundary S 2 × S 3 . To see what this 6-manifold is, we need to recall some details of this flop from [At] .
Let L i be the tautological line bundle over CP i and V be the quadric surface {xy−uv = 0}. The variety V contains two transverse families of complex lines. Each of the families is parametrized by CP 1 and each gives a ruling for V . Let us denote the first family by CP 1 α and call the lines it parameterizes by α-lines. Similarly for CP 1 β and β-lines
. This gives an isomorphism between V and CP 1 α × CP 1 β . In terms of these, the line bundle L 3 | V is represented by (−1, −1) in the Picard group Pic(V ) = H 2 (V ; Z) = Z ⊕ Z with the canonical basis given by the pair of homology classes (
If one pinches each of the β-lines in the zero-section of L 3 | V to a point, then the result is a smooth complex threefold E α isomorphic to the total space of L 1 ⊕ L 1 over CP 1 α . On the other hand, if one pinches each of the α-lines in the zero-section of L 3 | V to a point, then the result is a smooth complex threefold E β isomorphic to the total space of L 1 ⊕ L 1 over CP 1 β . Pinching further the zero-section of E α or the zero-section of E β is the same as pinching the zero-section of L 3 | V altogether to a point. The resulting space is exactly the complex cone OV in C 3 over V , which describes the neighborhood of the node p 0 in X. Tranforming from E α to OV and then to E β is precisely the type-II conifold transition described above.
From this picture, one has
where the relation ∼ is defined by first regarding ∂ ν L 3 | V (zero-section) , denoted by M 5 in the following discussion, naturally as an S 1 -bundle over V and then performing the following pinchings:
(1) Pinch each of the S 1 -fibers of M 5 × {0} to a point, which transforms M 5 × {0}
to CP 1 α × CP 1 β ; and then pinch CP 1 β . These together transform M 5 × {0} to CP 1 α . (2) Pinch each of the S 1 -fibers of M 5 × {1} to a point, which transforms M 5 × {1}
to CP 1 α × CP 1 β ; and then pinch CP 1 α . These together transform M 5 × {1} to CP 1 β .
With these geometric pictures in mind, we can now show that Proof. Let (z 1 , z 2 , z 3 , z 4 ) be the coordinates for C 4 = C 2 ⊕ C 2 , S 3 (resp. S 3 ′ ) be the unit sphere in the first (resp. second) C 2 factor of C 4 , and S 3 t be the sphere of radius t at the origin in C 2 . Consider the Hopf fibration and the compatible foliation of S 7 with generic leaf S 3 × S 3 from the realization of S 7 as the join S 3 * S 3 ′ ( [Ro] , [Sp] ):
where M 5 t is by definition the image of S 3 √ 1−t 2 × S 3 t in CP 3 under the Hopf map. Then the T 2 -action on S 7 , given by
leaves the Hopf fibration and leaves of the S 3 × S 3 -foliation invariant. The restriction of the action to the diagonal subgroup ∆ gives indeed the Hopf map. Since this action is free, each S 3 √ 1−t 2 × S 3 t is thus realized as a T-bundle over the quotient CP 1 × CP 1 with fiber the orbit. Consequently, its image M 5 t in CP 3 is the total space of an S 1 -bundle over CP 1 × CP 1 . The symmetry of the construction implies that this S 1 -bundle must correspond to a line bundle (k, k), k ∈ Z, in Pic(CP 1 × CP 1 ).
Let us consider the leaf, say,
by the adjunction formula and the latter is trivial as a real vector bundle due its vanishing second Stiefel-Witney class. Now let (k, k) S 1 be the total space of the S 1 -bundle associated to the complex line bundle (k, k) in Pic(CP 1 × CP 1 ). Then in the smooth category ( [Di] )
, if we let t ց 0, then the whole space shrinks to CP 1 in exactly the same way as
to CP 1 ′ is the same as M 5 × {1} to CP 1 β . Consequently, Lk(p 0 ) as described is indeed a CP 3 . This concludes the proof. 2
Remark 2.2.2. Notice also that the trivial (C 1 C −1 1 ) process that blows down an S 2 and blow the same one up again leads to a cone-point in Y with link S 2 × S 4 . Such fake transitions can be removed by perturbing the corresponding path in the Calabi-Yau moduli space a little bit.
Remark 2.2.3 [Conifold transition, real and complex join].
Given two complex manifolds M 1 and M 2 , and a complex line bundle L over M 1 × M 2 . One can do the one-point compactification for each fiber to get a C-bundleL over M 1 × M 2 , where C = C ∪ {∞}. L has two distinguished sections: the zero-section σ 0 and the infinity-section σ ∞ . Both sections are naturally isomorphic to M 1 × M 2 . If one pinches σ 0 to M 1 and σ ∞ to M 2 , then one get a new space M 1 * C M 2 , a complex join of M 1 and M 2 . This generalizes the construction for the real join * . In terms of these, one obtains a unified picture for Lk(p 0 ) in conifold transitions: (1) For Type-I, an S 2 and an S 3 are transmuted to each other; and Lk(p 0 ) is the join S 2 * S 3 = S 6 . (2) For Type-II, a transverse pair of CP 1 's are transmuted to each other; and Lk(p 0 ) is a complex join CP 1 * C CP 1 = CP 3 .
3 The type II primitive Kähler deformations.
Recall the topological matching condition in Sec. 1.2, which in the current case states that, if both (X, Z) and (X ′ , Z ′ ) degenerate to a same (Z, p 0 ), then the two 5-manifolds ∂ν X (Z) and ∂ν ′ X (Z ′ ) have to be homeomorphic. One can use this to rule out many impossible transitions and only focuses on those transitions that are topologically admissibe in order to make deeper and more effective study. For this reason and due to Wilson's classification of the Kähler deformation associated to the wall of codimension 1 of the Käler cone of a Calabi-Yau threefold ( [Wil2] ), in this section we shall spend our efforts in understanding the topology of ∂ν X (Z) for (X, Z), where Z a del Pezzo surface embedded in X.
The case of smooth del Pezzo surfaces.
A del Pezzo surface Z is characterized by the feature that its anticanonical bundle is ample ( [De] , [Wa3] ). Such surfaces, when smooth, can only be the exceptional one Z e = CP 1 × CP 1 or the blow-up Z r of CP 2 at r, 0 ≤ r ≤ 8, distinct points in general positions (i.e. no three of them are collinear, no six of them lie in a conic, and no cubic through seven of them with a double point at the eighth). Such a realization provides a standard basis (ε 0 , ε 1 . . . , ε r ) for H 2 (Z r ; Z) = Pic (Z r ), where ε 0 is the canonical generator [CP 1 ] of H 2 (CP 2 ; Z) lifted to Z r and ε i , which is also a CP 1 with self-intersection number (−1), are from the exceptional divisors of the blow-up. With respect to this basis, the intersection form Q| Zr of Z r is given by Q| Zr = 1 ⊕ r −1 ;
and the canonical divisor of Z r is known to be
In the following discussion, we shall not distinguish these classes with either the embedded CP 1 (or their union) in Z r or the complex line bundle (and its real R 2 -or D 2 -bundle) over Z r they correspond.
When Z embeds in a Calabi-Yau threefold X, since K Z = K X | Z ⊗ ν X (Z) and K X is trivial for Calabi-Yau manifolds, the tubular neighborhood ν X (Z) of Z in X has to be isomorphic to K Z , which restricts the possible embeddings. For Z = Z r , the structure of its canonical divisor implies that ν X (Z r ) is indeed a fiber sum of L ⊗3 2 and r many L −1 2 's, where recall that L 2 is the tautological line bundle over CP 2 . Notice that the total space of the S 1 -bundle associated to L −1 2 is S 5 and the total space of the S 1 -bundle associated to L ⊗3 2 is the lens space S 5 / Z 3 , where Z 3 is the cyclic subgroup of order three contained in U (1) that gives the Hopf fibration of S 5 . Hence the boundary 5-manifold ∂ν X (Z r ) is the fiber sum (S 5 / Z 3 ) ♯ f rS 5 over CP 2 ♯ r CP 2 . With the fact that S 5 = S 3 * S 1 , one has the following two collections of S 1 -bundles, which contain all the spaces involved in doing the fiber sum:
Comparing with the decomposition
one recognizes that the fiber sum with r-many S 5 's is indeed the surgery on r distinct S 1 -fibers of S 5 / Z 3 with respect to the local trivialization of their tubular neighborhood from the bundle structure. Together with the homotopy sequence
it also follows that, for r = 0, ∂ν X (Z r ) is simply-connected since the only possible generator for π 1 (∂ν X (Z r )) comes from an S 1 -fiber of ∂ν X (Z r ), which can be homotoped into the fiber over, say, ν Zr (ε 1 ) and then homotoped to a point.
Lemma 3.1.1. For r = 0, ∂ν X (Z r ) is homeomorphic to the connected sum ♯ r S 2 × S 3 .
Proof. Since π 1 (∂ν X (Z r )) = 0, H 2 (∂ν X (Z r ); Z) = π 2 (∂ν X (Z r )) = Z r by the homotopy sequence. On the other hand, since c 1 (X) = 0 and the normal bundle of ∂ν X (Z r ) in X is trivial, ∂ν X (Z r ) is a spin 5-manifold. The lemma then follows from the classification of closed simply-connected spin 5-manifolds by Smale [Sm2] (cf. Sec. 1.1).
Remark 3.1.3. Notice that, for r = 0, H 2 (∂ν X (Z r ); Z) is isomorphic to the kernel of the homomorphism from π 2 (CP 2 ♯ r CP 2 ) to π 1 (S 1 ) in the homotopy sequence. Consequently,
3.2 The case of a rational singular del Pezzo surface.
We shall start with a review of some necessary facts on a certain rational singular del Pezzo surfaces Z and then turn to show that for such Z, ∂ν X (Z) is simply-connected when it is embedded in a Calabi-Yau threefold X. Since it is also spin, we then compute H 2 (∂ν X (Z); Z), which, by Smale's classification theorem [Sm2] in Fact 1.1.1, completely determines the topology of ∂ν X (Z). For the clarity of notation, in many places, we shall denote ∂ν X (Z) by M 5 (Z, X).
The setup and the simply-connectedness of ∂ν X (Z)(= M 5 (Z, X)).
Let Z be a Gorenstein rational singular del Pezzo surface with Pic(Z) = Z.
that K 2 Z = 9 − r, r ≥ 3, and that the minimal resolution of Z is a smooth del Pezzo surface of topology Z r . The types and combinations of the singularities that can appear together on Z are very restricted; the details are given in the following list 2 :
where, for example, 2A 1 + A 3 means that Z has three isolated surface singularities: two of type A 1 and one of type A 3 . Let E be the exceptional divisor in Z r associated to the resolution and E i be the irreducible components of E. Then each E i is a (−2) rational curve in Z r and their intersection diagram is the Dynkin diagram as indicated by the label A j , D j , or E j . The tubular neighborhood ν Zr (E) of E in Z r is thus a plumbing of a collection of the tangent D 2 -bundle of S 2 with the same Dynkin diagram as the plumbing diagram. For Z Gorenstein, the intersection number of these exceptional divisors in Z r with the canonical divisor K Zr are all zero. Since our discussion is in topological category, by tubing if necessary, one can represent the homology class of the divisor K Zr by a surface in Z r that is truely disjoint from E. For the following discussions, K Zr will always be represented by such a surface when needed. To save notations, we also use K Zr for the canonical line bundle of Z r , which should be clear from the context. When Z embeds in a smooth Calabi-Yau threefolds X as a divisor, its tubular neighborhood ν X (Z) is still well-defined -though no longer a regular bundle over Z -, for example, by the union of all small enough balls with center at Z with respect to some Riemannian metric on X. The complement ν X (Z) − Z remains having the product structure ∂ν X (Z) × (0, ǫ). Though, due to the singularity of Z, the canonical line bundle K Z of Z is no longer homeomorphic to the entire ν X (Z), one may notice that the proof of the adjunction formula in [G-H] applies without difficulty to Z − ν Z (Sing(Z)) in X − ν X (Sing(Z)) (cf. [Di] ). Thus one can conclude that ν X−ν X (Sing(Z)) (Z − ν Z (Sing(Z))) remains the same as the restriction K Z | Z−ν Z (Sing(Z)) . Furthermore, since Z is Gorenstein and hence the restriction of K Z on ν Z (Sing(Z)) is trivial, the restriction K Z | Z−ν Z (Sing(Z)) is bundle isomorphic to K Zr | Zr−ν Zr (E) . On the other hand, since Z is a divisor in the smooth X and hence is locally principal, in a small neighborhood U of q ∈ Sing(Z) in X, Z is the same as a germ ψ of the corresponding isolated analytic hypersurface singularity in C 3 at the origin, described by ψ = 0. Let ∆ be a small enough disk around the origin in C. Then, as a function on U,
gives a fibration of ν X (q) over ∆, which is the same as the Milnor fibration associated to the singularity q. Furthermore since ψ = 0 describes ν Z (q) in X, one can identify this ∆ as the fiber D 2 of the bundle ν X−ν X (Sing(Z)) (Z − ν Z (Sing(Z))) over X − ν X (Sing(Z)) restricted to ∂(X − ν X (Sing(Z))). (Indeed these ψ together give a trivialization of the bundle restriced to a neighborhood of ∂(X − ν X (Sing(Z))) = ∂ν X (Sing(Z)).) Consequently, ν X (Z) is obtained from K Zr by removing its restriction to ν Zr (E) and then pasting in a collection of the total space of the Milnor fibration associated to the isolated hypersurface singularities Sing(Z) in X (cf. Figure 3-1) . To understand the boundary of ν X (Z), we need to rephrase this picture in terms of associated circle bundles. Let Ξ 5 be the associated circle bundle of K Zr over Z r . For the clarity of notation, let us denote ∂ν X (Z) by M 5 (Z, X), Ξ 5 | Zr−ν Zr (E) by W 5 reg (Z, X), and the complement of W 5 reg (Z, X) in M 5 (Z, X) by W 5 Sing (Z, X). Then, following the previous discussions and notations, each component of W 5
Sing (Z, X) corresponds to a singularity of Z and is homeomorphic to the total space of the Milnor fibration in the slightly modified spherical form:
It is known (cf. Sec. 1.1) that the intersection of {ψ = 0} with S 5 is homeomorphic to a quotient S 3 / G , where G is a finite subgroup in SU(2) associated to the singularity in Z.
Hence the boundary of S 5 − ν S 5 ({ψ = 0}) is homeomorphic to S 3 / G × S 1 . Now let [S 3 / G , S 1 ] be the set of homotopy classes of maps from S 3 / G to S 1 . Then observe that
since H 1 (S 3 / G ; Z) is torsion and H 0 (S 3 / G ; Z) is free. Thus all maps from S 3 / G to S 1 are homotopic to each other. Consequently, no matter how we trivialize W 5 reg (Z, X) over Z r − ν Zr (K Zr ), we can always homotope the trivialization so that over ∂(Z r − ν Zr (E)) it coincides with the product structure S 3 / G ×S 1 from the Milnor fibration of each component of ∂W 5
Sing (Z, X) (Figure 3-1) . Consequently, one has the following lemma: (Figure 3-2) .
Proof. Let E be the lifting of E into ν Zr (E). Notice that E is a 2-cycle in M 5 (Z, X) that consists of a collection of embedded S 2 that intersect at worst transversely at some Sing (Z, X) is an open surface bundle over S 1 with fiber F homeomorphic to some connected component of ν Zr (E). Up to homotopy, both give the same product structure S 3 / G × S 1 for the components of their shared boundary 4-manifold. Living in the Milnor fiber F is the exceptional divisor E from the resolution of the singularity of Z. Its irreducible components E i are indicated by thick line segments due to the suppression of dimensions. Shown in the figure is a D 6 -chain. The monodromy homeomorphism τ and the Milnor fibration map ϕ are also indicated. If τ is replaced by the identity map, then the topology of ∂ν X (Z) is changed and becomes Ξ 5 , the S 1 -bundle associated to the canonical line bundle K Zr of the minimal resolution Z r of Z. isolated points. Thus, given a loop γ in M 5 (Z, X), up to homotopy we may assume that γ is disjoint from E and hence from ν Zr (E). Lemma 3.2.1 implies that we may now regard γ as a loop in Ξ 5 . Since Ξ 5 is simply-connected from the discussion in Sec. 3.1, γ bounds an embedded 2-disk D 2 in Ξ 5 . By dimension count, we may assume that D 2 is disjoint from E and hence from ν Zr (E) by a further homotopy if necessary. This shows that γ in M 5 (Z, X) indeed bounds a 2-disk and hence concludes the proof. 2
Furthermore, since it bounds the spin 6-manifold ν X (Z), M 5 (Z, X) is also spin. By Fact 1.1.1 in Sec. 1.1, its topology is determined by the group structure of its second integral homology H 2 (M 5 (Z, X); Z), which we shall now turn to.
The integral homology H 2 (M 5 (Z, X); Z).
The fact that M 5 (Z, X) is obtained from Ξ 5 − ν Zr (E) by closing up the boundary using the monodromy homeomorphism τ suggests that one may relate H 2 (M 5 (Z, X); Z) to H 2 (Ξ 5 − ν Zr (E); Z) and the monodromy operator T . We shall now work out the detail of this relation.
First notice that, if one denotes the lifting of E to ν Zr (E) by E, then, from the fact that
and that the boundary D ν Zr (E) of Ξ 5 (Z, X) − ν Zr (E) has a collar, one has
Thus by the Lefschetz duality one obtains
Now recall the exact sequence associated to the pair (Ξ 5 , E):
where p.d. stands for the Poincaré duality, one then has the following short exact sequence
Lemma 3.2.3. The above short exact sequence splits.
Proof. Recall that E · K Zr = 0, H 2 (Ξ 5 ; Z) = K ⊥ Zr , and that Ξ 5 over Z r − K Zr is trivial. Thus there exists a partial section of Ξ 5 , defined only over Z r − K Zr and whose image is disjoint from E, that lifts K ⊥ Zr isomorphically onto H 2 (Ξ 5 ; Z). Since the image of this section is contained in Ξ 5 − E, the composition of the section with the inclusion map of its image into Ξ 5 − E induces then a homomorphism from K ⊥ Zr into H 2 (Ξ 5 − E; Z). By construction, the composition of this homomorphsm with that induced by the projection map from Ξ 5 onto Z r is the identity map on K ⊥ Zr . This shows that the above short exact sequence splits. 2
Consequently,
and we shall now study the second factor of this decomposition. The universal coefficient theorem implies that
Since H 2 ( E; Z) is freely generated by the lifting E i to E of all the irreducible components E i of E, H 2 ( E; Z) = Hom (H 2 ( E; Z), Z) is freely generated by the dual basis E * i , i = 1, . . . , r, that sends E i to 1 and all other E j to 0. Under the Lefschetz duality, the image δ * E * i in H 3 (Ξ 5 , E; Z) is turned into the class in H 2 (Ξ 5 − E; Z) represented by the meridian 2-sphere A tubular neighborhood of E embedded in some N is shown. Let E i be an irreducible component of E. Then a meridian of E i in N is the boundary sphere of a transverse disk to E i . In our problem, N can be Ξ 5 , M 5 (Z, X), or Z r .
The universal coefficient theorem implies also that
since H 1 (Ξ 5 ; Z) = 0. Taken into account the Poincaré duality, which identifies H 2 (Ξ 5 ; Z) with H 3 (Ξ 5 ; Z) by considering the intersection number of a 3-cycle with all the 2-cycles, one can work out a set of generators for H 2 (Ξ 5 ; Z) represented by a set of 3-cycles and hence the image of H 2 (Ξ 5 ; Z) in H 2 ( E; Z) as follows:
• Let e 1 , · · · , e r be a basis for K ⊥ Zr and ξ 1 , · · · , ξ r be a dual collection of 2-cycles in Z r represented by maps, still denoted by ξ i , from S 2 into Z r , such that ξ i · e j = δ ij . By the unimodularness of the intersection form Q Zr of Z r , such a dual collection always exists but not unique; the non-uniqueness comes exactly by an arbitrary multiple of K Zr . The natural bundle homomorphism ξ i from the total space of the pullback S 1 -bundle ξ * i Ξ over S 2 into Ξ 5 gives then a collection of 3-cycles ξ 1 , · · · , ξ r that form a basis for
• Since E i · K Zr = 0, E i can be expressed uniquely as r j=1 a ij e j for some integers a ij . In terms of this, using the intersection property of ξ i with E j above, one has
and hence
The image Im (H 2 (Ξ 5 ; Z) → H 2 ( E; Z)) is then spanned by ξ 1 , · · · , ξ r over Z.
Since E * i corresponds to S i in H 2 (Ξ 5 − ν Zr (E); Z), with the notations introduced above, one has thus proved Lemma 3.2.4.
where ∼ is generated by r j=1 a ji S j , i = 1, . . . , r, Z r consists of the r-dimensional integral row vectors, and A t is the transpose of the coefficient matrix A = (a ij ) ij .
Remark 3.2.5. The above ∼ contains exactly all the combinations of S i that bound a 3-cycle in Ξ 5 − E.
Now the exact sequence
and hence it is generated by e 1 , · · · , e r , S 1 , · · · , S r as well though the coboundary homomorphismδ * is expected to be different from δ * in the exact sequence for (Ξ 5 , E) due to the twist by τ . We shall now work out the relations of these generators in the quotient. Since E is a deformation retract of ν Zr (E),
where l.p.d. stands for the Lefschetz-Poincaré duality. Consider the relative 2-cycle in (ν Zr (E), ∂ν Zr (E)) represented by 2-disk D i that intersects E i at one point and is disjoint from all other E j (cf. the shaded disks in Figure 3 -3 with the ambient space N now being Z r ). They form a basis for H 2 (ν Zr (E), ∂ν Zr (E); Z). Their lifting to E shall be denoted by
after the various dualities. Furthermore, let T * be the dual monodromy operator of T on H 2 ( E; Z); then by construction the difference
since the restriction of the monodromy homeomorphism τ to ∂ ν Zr (E) is the identity map.
Lemma 3.2.6. Let Q ν Zr (E) be the intersection matrix of H 2 (ν Zr (E); Z) with respect to the basis (E 1 , · · · , E r ). Then
and they generate δ * (H 2 ( E; Z)) in H 2 (Ξ 5 − E; Z).
Proof. The second statement is clear. For the first one, let (T − Id) * ( D i ) = r j=1 b ij E j ; then, by intersecting both sides with E 1 , · · · , E r respectively, one has T − Id = BQ ν Zr (E) , where B is the coefficient matrix (b ij ) ij . This concludes the lemma. 2
Putting Lemma 3.2.4 and Lemma 3.3.6 together, one can now conclude that
where ∼ is generated by r j=1 a ji S j and
These relators can be combined together to eliminate the generators S i and give
where ∼ is generated by
To give the last step of simplification, one has to recall the following facts from [A-GZ-V] and [Di] : 
Consequently, (T − Id)Q
−1 E = U −1 in our case and we can conclude and summarize the whole discussion by the following proposition. Let Q E (resp. Q K ⊥
Zr
) be the intersection matrix of E 1 , · · · , E r (resp. K ⊥ Zr ) in H 2 (Z r ; Z). Their determinant, whose value will be given in the explicit computations below, are all non-zero. Since U is unimodular and hence det(
H 2 (∂ν X (Z); Z) and ∂ν X (Z) for our examples.
With Proposition 3.2.8, we can now work out H 2 (∂ν X (Z); Z) explicitly for the above kind of singular del Pezzo surface Z when it is embedded in a smooth Calabi-Yau threefold X. This then determines the topology of ∂ν X (Z). All the notations follow from previous part (a) Basic ingredients. The intersection matrix Q, monodromy operator T , and the inverse of the Seifert matrix U with respect to the set of vanishing cycles for an A-D-E singularity in a complex surface are listed below: (Note: · · · indicates the pattern and the blank indicates 0.)
• The A k -singularity:
• The D k -singularity, k ≥ 4:
• The E k -singularity, k = 6, 7, 8: (Only the matrices for k = 8 are shown; for k = 6 or 7, choose the corresponding last 6 × 6 or 7 × 7 submatrix.) 
The list of all possibilities. With respect to the canonical basis ε 0 , · · · , ε r for H 2 (Z r ; Z), one can choose the basis e 1 , · · · , e r for K ⊥ Zr to be e 1 = ε 1 − ε r , · · · , e r−1 = ε r−1 − ε r , e r = ε 0 − 3 ε r .
With respect to this,
, where all the missing entries are −1.
Its determinant is
The determinant of the intersection matrix Q for the connected components of E involved in our problem is
When E has several connected components E (1) , · · ·, the corresponding Q E is the block diagonal matrix Q E (1) ⊕ · · ·. From the given data, we now give a list of the order of H 2 (∂ν X (Z); Z) below: (r = 3) :
A 4 1 (r = 5) :
(r = 6) :
(r = 7) : By the classification theorem for abelian groups [Ja] and the fact that the torsion part of the second integral homology of a simply-connected spin closed 5-manifold is the direct sum of two identical subgroups (Fact 1.1.1 in Sec. 1.1), the list of all abelian groups whose order appear above and have such splitting property are:
These are the only groups, to which H 2 (ν X (Z); Z) can be isomorphic.
(c) Conclusion. From the tables given in (b) and comparing with Smale's theorem, we can now conclude the topology of ∂ν X (Z) in each case as follows: (See Fact 1.1.1 in Sec. 1.1 for the notation of manifolds.) (r = 3) :
(r = 4) :
(r = 5) :
(r = 7) :
(r = 8) :
4 Topologically admissible isolated singularities.
Having studied the topology of ∂ν X (Z) for a class of del Pezzo surface Z embedded in a Calabi-Yau threefold X, we can now lay down many locally topologically admissible pairs (X, Z) and (X ′ , Z ′ ) for some Calabi-Yau threefolds X, X ′ . Though we do not know at the moment what X and X ′ could be, we do know from the discussion in Sec. 3 that, if such extremal transition exists, then the topology ν X (Z) ∪ ∂ ν X ′ (Z ′ ) of the link of the resulting isolated singularity p 0 in the 7-space Y 7 is independent of what X and X ′ exactly are.
(See Remark 4.4 at the end for some notes on these 6-manifolds.)
The transition: (X, Z)
Del Pezzo surfaces of the same group in the following list of examples when embedded in some Calabi-Yau threefolds have the chance to be pinched down to a point and puffed up to another while this is impossible for those in different groups:
Example 4.1. The transition: (X, Z)
Group-(S
, and [Gr] .) that, if one lets b 3 = dim H 3 (X ′ ; Z) be the third Betti number of X ′ and {α i , β j } 1 2 b 3 i,j=1 be a canonical basis for H 3 (X ′ ; Z) such that
Then the complex structure on X ′ is parametrized projectively by the periods
Ω (the α-periods) and
where Ω is the unique holomorphic 3-form (determined by th ecomplex structure) on X ′ up to a constant multiple. It is known ([B-G] ) that indeed the α-periods and the β-periods determine each other. For X ′ to degenerate to a conifold via deformation of complex structures, it is known that some disjoint collection of 3-cycles, realized as embedded S 3 's in X ′ , get pinched into a collection of isolated points, which is quite similar to the situation for Riemann surfaces. If one chooses the canonical basis appropriately, these conifolds may correspond to points in the moduli space of complex structures on X ′ , for which some of the periods vanish. This suggests that there may exist severer deformations of complex structures, for which a more complicated chain of S 3 's get shrunk to points. Unfortunately, though there is some work in this direction (e.g. [C-G-G-K]), there seems not much that is known. On the other hand, since any vector bundle over S 3 is trivial, if more complicated union Z ′ of S 3 can get shrunk to points, assuming that all the intersections are transverse, then the tubular neighborhood ν X ′ (Z ′ ) of Z ′ in X ′ is a plumbing of a collection of trivial D 3 -bundle S 3 × D 3 , which depends only on the intersection pattern and the sign of intersections. For this reason, let us boldly press on a little bit and see locally how some isolated singularity of a singular Calabi-Yau threefold from previous Kähler deformations may be resolved by 3-cycles.
In view that most of ∂ν X (Z) we have seen in this article is simply-connected, one may notice the following lemma: Proof. By construction, the closed 5-manifold ∂W 6 is obtained from a collection of 5-manifold-with-boundary of the form (S 3 − ν S 3 {intersection points}) × S 2 by pasting their boundary S 2 × S 2 with a twist that interchanges the two S 2 factors. Recall from Sec. 1.1 the natural continuous pinching map φ from the plumbing W 6 to Γ. By construction, when restricted to ∂W 6 , φ −1 (p) is homeomorphic to (S 3 − ν S 3 {intersection points}) × S 2 for p a vertex of Γ and to S 2 × S 2 for p an interior point of an edge of Γ. In particular, φ −1 (p) is path-connected for all p. Consequently, one can lift any non-null-homotopic loop in Γ to a loop in ∂W 6 , which must be non-null-homotopic either. This concludes the proof. 2
Consequently, for most of the generic Kähler deformations we have seen that pinch either an S 2 or a del Pezzo surface Z to a point p 0 , if it is to be resolved by a smooth complex deformation that puffs p 0 to a chain of immersed S 3 's that may intersect among themselves transversely, then indeed all these S 3 have to be embedded and the associated intersection diagram has to be a tree. Let us give some examples below: Z is the del Pezzo surface Z 1 and Z ′ = C 3 1 ∪ · · · ∪ C 3 2k−1 with the intersection diagram the Dynkin diagram A 2k−1 , where k is any positive integer.
These follow from the decomposition S 5 = (D 3 × S 2 )∪ ∂ S 2 × D 3 induced by the realization of S 5 as the join S 2 * S 2 .
Let us conclude this paper with the following remark:
Remark 4.4 [link of isolated singularity]. The nature of the singularity p 0 in Y 7 certainly depends on its link, the 6-manifold ν X (Z) ∪ ∂ ν X ′ (Z ′ ). When Z and Z ′ are both simplyconnected as most of the examples discussed in this article turn out to be, so are ν X (Z) and ν X ′ (Z ′ ). Since the common boundary of the latter manifolds is connected, ν X (Z)∪ ∂ ν X ′ (Z ′ ) is also simply-connected by the van Kampen theorem. It has been known ( [Wa2] , [Wil2] ) that the structure of a simply-connected closed 6-manifold M 6 is closely coded in the following triple of data: (1) a cubic form on H 2 (M 6 ; Z) given by the cup-product, (2) a linear form on H 2 (M 6 ; Z) given by the cup product with the first Pontrjagin class p 1 or the second Chern class c 2 , and (3) the middle cohomology H 3 (M 6 ; Z). In view of this, first one likes to know which locally admissible examples constructed in this paper are globally admissible, and then, for those globally admissible ones, whether the above triple of data provides us with some simple description of the link of the corresponding isolated singularity in Y 7 and its relations to the phenomenon of enhanced gauge symmetry in string theory. These will require further much more demanding work in the future.
